We consider a system composed of two masses connected by linear springs. One of the masses is in contact with a rough surface. Friction force, with Coulomb's characteristics, acts between the mass and the surface. Moreover, the mass is also subjected to a harmonic external force. Several periodic orbits are obtained in closed form. A first kind of orbits involves sticking phases: during these parts of the orbit, the mass in contact with the rough surface remains at rest for a finite time. Another kind of orbits includes one or more stops of the mass with zero duration. Normal and abnormal stops are obtained. Moreover, for some of these periodic solutions, we prove that symmetry in space and time occurs.
joints, electric motor drives, wheel rail coupling of mass transit systems and brake systems. Dry friction systems are strongly nonlinear and they are usually modelled as spring mass oscillator. Friction-induced vibration has received considerable attention from a number of researchers [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] 18, 19] with analytical, numerical and experimental approach, and with several models of the friction force. The simple case of a one-degree-of-freedom system [6, 7, [9] [10] [11] [12] was more particularly investigated. The case of multi-degree of freedom systems was mainly investigated with a numerical approach [2, 4, 8] . However, in [5] analytical methods were used to predict chaotic orbits in mechanical systems with friction. In [14] [15] [16] [17] , a twodegree-of-freedom oscillator is considered. Assuming Coulomb's laws of dry friction, the corresponding dynamical model is a piecewise linear system, and some analytical results about the existence of periodic solutions including stick-slip phases have been obtained.
In this work, we consider the same model of dry friction oscillator subjected to a harmonic external force considered in [17] , but instead of a moving belt, we assume that one of the masses is in contact with a fixed rough surface. We investigate the existence of periodic solutions including phases, where the mass remains at rest for a finite time (sticking orbits) or of periodic solutions with one or several zero duration stops (nonsticking orbits). Moreover, for some of these periodic solutions, we prove that symmetry in space and time occurs.
Problem formulation
The system ( Fig. 1) is composed of two masses m 1 and m 2 connected by two linear springs of stiffness k 1 and k 2 . The second mass is in contact with a fixed rough surface. A friction forceF acts between the mass and the surface. Moreover, the second mass is also subjected to an external forceR given bỹ R =p cos(ωt + φ) (p,ω, φare constant parameters) (1) The equations of motion related to this system are written as
y 1 and y 2 are the displacements of the masses. The dry friction force u is obtained from Coulomb's laws: u r is the static friction force, and u s is the slipping friction force.
Prediction of the oscillations exhibited by the system
The dynamical behaviour of this oscillator includes several phases of slip (x 2 = 0) and stick (x 2 = 0) motion of m 2 . For each kind of motion, a close form solution is available.
3.1 Slip motion of m 2 with x 2 < 0
The solution is obtained from a modal analysis of (2) where u = u s 
This motion is related to the following dynamical system:
The solution is given by
The two by two matrices i (t)(i = 1, 2, 3) are given in Appendix 1. Moreover, during all this kind of motion, the following constraint holds:
4 Nonsticking periodic solutions
Nonsticking periodic orbits with two transitions per period
In industrial applications, avoiding sticking phases of motion is sometimes necessary. In the past, several authors [12] investigated the existence of periodic nonsticking solutions of a one-degree-of-freedom oscillator subjected to simple harmonic loading. In [17] this problem is revisited for the two-degree-of-freedom oscillator considered in Fig. 1 . The nonsticking orbit involves for each period = 2π/ω, a slipping motion with a negative mass velocity and a slipping motion with a positive mass velocity (overshooting motion). We proved [17] that each part of the motion (part with negative velocity and part with positive velocity) has the same duration and that the phase portraits (x i , x i ), i = (1, 2) of the two masses are symmetric with respect to the origin. An example of these periodic orbits is obtained for the following values of the data:
The corresponding values of the initial conditions and of the time lag φ are obtained
The phase portraits (x i , x i ), i = (1, 2) of the two masses are shown in Fig. 2 (the thick parts of the curves are related to the overshooting motion). These curves are symmetrical with respect to the origin o. 
Nonsticking orbits with abnormal stops
The nonsticking orbit investigated in the last paragraph involves for each period two normal stops:
These stops occur when the displacement of the second mass reaches a local extremum and the mass reverses its direction of motion at the turning point. In [11] , for a one-degree-of-freedom oscillator, with dry friction and harmonic load, the set of periodic orbits, including abnormal stops, has been obtained. Abnormal stops occur when at the turning point, the mass moves in the same direction as its motion prior to the stop. At these points, the second mass velocity reaches a local extremum. The same phenomenon can be observed for the two-degree-of-freedom oscillator investigated in this paper. At t = 0, the following initial conditions are assumed:
For 0 < t < τ, the system undergoes a slip motion (x 2 < 0) given by
Let us assume that, at t = τ
For t > τ, the system undergoes an overshooting motion (x 2 > 0) given bȳ
Let us assume that, for t = τ + τ 1
For t > τ + τ 1 , the system undergoes a new phase of overshooting motion (x 2 > 0) given bȳ
It results that the stop obtained is an abnormal stop and that at this time
A periodic orbit of period = 2π/ω is obtained if
From (17) and (19) , it results
and from (13), we deduce
In [17] , we proved that the solution of (20), (21) is
For each period, the motion is composed of a part with a positive velocity of the second mass for 0 < t < π/ω and a second part with a negative velocity of the second mass for π/ω < t < 2π/ω. Moreover, it has been proved in [17] that these two parts are symmetrical with respect to the origin. It results that for t = τ 2 , 0 < τ 2 < π/ω, a new abnormal stop exists:
Due to the symmetry of the two parts of the orbit, it results that
From ( 
Moreover, due to the symmetry, the condition (23) is fulfilled ( f 4 = 0).
From (21) and (22), we deduce the following system:
From the property of the H i matrices [17] that the system (26) reduces to two scalar equations:
From (23) results two other scalar equations:
Assuming that (χ, η, ω)are given data, the system (27), (28) gives the values of (τ 1 , φ, x 10 , u s ). A numerical example is obtained for
The other parameters are computed: τ = 5.5, τ 1 = 4, φ = 2.6455, u s = u r = 0.1717 The phase portrait of the system is shown in Fig. 3 (the thick parts of the curves are related to the overshooting motion). Let us consider another periodic solutions beginning with the initial conditions (12), followed for (0 < t < τ ) by a slip motion of m 2 given by (13) . Let us assume that at t = τ , the condition (14) holds. For t > τ, the system undergoes an overshooting motion defined by (15) . Let us assume that at t = τ + τ 1 , instead of (16), the following conditions hold:
For t > τ + τ 1 , the system undergoes a stick motion (x 2 = 0) defined bȳ
whereZ C , F C are deduced from (17) . This motion ends if at t = τ + τ 1 + T , the following conditions hold:
, the system undergoes a new phase of overshooting motion defined by 
A periodic solution is obtained if
This solution depends of seven parameters (x 10 , x 20 , x 10 , τ, τ 1 , T, φ). On the other hand, the conditions (x 2B = x 2C = 0), (32) and (34) give seven scalar equations for the determination of these parameters. However, several conditions must be fulfilled: f > 0(12), f 1 < 0(14) and during the sticking motion The phase portrait of the system is shown in Fig. 4 . (The heavy black curves show the overshooting motion, the thin black curves show the slipping motion with x 2 < 0 and the grey curve shows the motion of m 1 during the sticking phase). The time behaviour of x 2 is shown in Fig. 5 , and the constraints during the sticking part (0 < t 2 < T, t 2 = t − τ − τ 1 ) of the solution are shown in Fig. 6 .
Another sticking orbits with one stop per period
A second set of periodic orbits of period 2π/ω is obtained. This kind of orbits is a particular case (for a nonmoving belt) of the periodic solutions including an overshooting part investigated in [17] . For each period, the motion is composed of three parts. The first one is a slip motion of m 2 with a negative velocity for (0 < t < τ); the next part (0 < t − τ < τ 1 ) is an overshooting motion of the mass (x 2 > 0) and the 
At the beginning of the orbit (t = 0), instead of (12), the following condition is fulfilled:
At t = τ , the condition (14) holds. At the beginning of the sticking motion (t = τ + τ 1 ), the condition (30) is fulfilled. A periodic solution of period = τ + τ 1 + T is obtained if
Moreover, during the sticking motion, instead of (35), the following constraints hold:
This kind of periodic solutions depends on six parameters (τ, τ 1 , φ, x 10 , x 20 , x 10 ) and the conditions (14), (30), (37) and (38) give six scalar equations for the determination of these parameters. A numerical example is obtained for the data:
The other parameters are computed:
18, τ 1 = 3.58, T = 2.76, φ = 1.5708
The phase portrait of the system is shown in Fig. 7. (The heavy black curves show the overshooting motion, the The time behaviour of x 2 is shown in Fig. 8 , and the constraints during the sticking part (0 < t 1 < T, t 1 = t − τ − τ 1 ) of the solution are shown in Fig. 9 .
Periodic solutions with several stops
In [11] , for a one-degree-of-freedom oscillator excited by dry friction and harmonic loading, it is found many types of steady-state behaviour with several stops per cycles. All these results were obtained by numerical methods. In the following, for the two-degree-offreedom oscillator considered in this paper, we investigate the existence of periodic solutions including two stops per period. Moreover, we assume that the orbit is composed of two parts. The first part (0 < t < π/ω) involves for (0 < t < τ 1 ) a slip motion (x 2 < 0), then for (0 < t − τ 1 < T ), a stick motion (x 2 = 0) and at last for (0 < t − τ 1 − T < τ 2 ) a new phase of slip motion. The following relations hold
From (41), it results
Let us assume that
The other part (0 < t 1 < π/ω, t 1 = t − π/ω) of the orbit is obtained by symmetry in time. For 0 < t 1 < τ 1 , the system undergoes an overshooting motion (x 2 > 0), then for (0 < t 1 − τ 1 < T ) a stick motion and at last for (0 < t 1 − τ 1 − T < τ 2 ) a new phase of overshooting motion. The following relations hold:
Taking into account (42), (44) and the relations
we obtain the following result: (46) is X D + X 0 = 0, hence
Several constraints must be fulfilled. For the first half period, we have
During the sticking motion, we have the constraints:
The conditions during the second half period are the following:
and the constraints during the sticking motion are
From (45), (47), it follows
From (52), we obtainZ E = −Z B , hence X E = − X B Similarly,Z G = −Z C , X G = −X C From these results, it follows that the solution is symmetrical in time and also in space. Hence, it is sufficient to take into account the relations (48) and (49). On 
The solution depends on six parameters (τ 1 , τ 2 , φ, x 10 , x 20 , x 10 ) which are defined by 6 scalar equations deduced from (48) and (53). A numerical example is obtained for the following data:
The other parameters are computed: The phase portrait of the system is shown in Fig. 10 .
(The heavy black curves show the overshooting motion, the thin black curves show the slipping motion with x 2 < 0 and the grey curve shows the motion of m 1 during sticking phase). The phase portrait is symmetrical with respect to the origin. The time behaviour of x 2 is shown in Fig. 11 , and the constraints during the sticking part (0 < t 1 < T, t 1 = t − τ 1 ) of the solution are shown in Fig. 12 .
Conclusion
In this work, the steady-state response of a two-degreeof-freedom oscillator subjected to dry friction and harmonic load is considered. The system consists of two masses connected by linear springs; one of the masses is in contact with a rough surface and is subjected to a harmonic external force. Assuming Coulomb's laws of dry friction, it is found several kinds of periodic orbits, including one or more stops per cycles. Tacking into account that the dynamical model of the system is a piecewise linear system, several interesting analytical results related to the existence and the properties of the orbits have been obtained. It was shown that among the periodic solutions obtained, some of them include stops with zero duration time (nonsticking orbits), the other ones involve phases of sticking motions during which the mass in contact with the rough surface did not move. Moreover, some of these orbits are obtained assuming that symmetry in space and time occurs; for other orbits, the property of symmetry in space and time is proven. At last, a third set of orbits is found without any symmetry in space or in time.
